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» Extending reduced basis methods
» for parametrized evolution problems

Oru(x, t; ) — L(p)ux, t;p)] = o

» discretized by first order numerical schemes.
» Focus: non-linear implicit discretizations with Newton schemes.

(6]
» Main ingredient: empirical interpolation of discrete operators and its %D
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Empirical interpolation of discrete operators

Reduced basis scheme with non-linear implicit operators
A posteriori error estimation

Numerical results and validation
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Software concept (RBmatlab/dune-rb interface)
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Outline

v

Reduced basis method in pictures
» Empirical interpolation of discrete operators

> Reduced basis scheme with non-linear implicit operators
> A posteriori error estimation

» Numerical results and validation

» Software concept (RBmatlab/dune-rb interface)
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Setting

» parametrized PDEs with parameters for geometry, material, control,...
» applications relying on rapid or many repeated computations for different parameters.
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Setting

» parametrized PDEs with parameters for geometry, material, control,...
» applications relying on rapid or many repeated computations for different parameters.

Ideas

» Generation of reduced basis space
» Offline/Online decomposition
» A posteriori error estimates
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Parametrised evolution equation

Analytical formulation

Solve
u(x, 0; p) = uo(x; 1)
oru(x, t; p) — Llu(x, t; u)] = o
plus boundary conditions. Solutions u(-, t; u) live in a (Sobolev) space W
foreach t € [0, Tmax], 4 € P.

u(x,t; )
Y

I
w

u(x,t;p)
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Discrete simulations (FV, FE, DG, ...)

Solve
Up(p) = Pluo(x; u)]
L, A U] — Le(p, A uf] = o,

with At = % Solutions build trajectories in high dimensional discrete
function space Wy.

Wh

&
w

u(x,t;p)
LyLg,P
Wh
{uf (),
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Discrete simulations (FV, FE, DG, ...)

Because of the parametrized form of the problem, we get a manifold of
solutions {uﬁl,u eP,o<k< K} C Wh. This can be approximated by a
linear subspace Wy := span{y;}\ .

Wh

{Uf (1) |nEP 0<k<K}

L
w
u(x,t;p)
(Lpflizo?
Wh
{uk ()},
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Discrete simulations (FV, FE, DG, ...)

Because of the parametrized form of the problem, we get a manifold of

solutions {uﬂ,u € P,0 < k <K} C Wy. This can be approximated by a VEV
linear subspace Wy := span{q;,-}f.":l. o)
Ly,Lg,P
Wy o
{uf ()Y, Y
T
L3
2]
=
Han |
c
=
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bN
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Reduced siffillations (Projection on reduced basis
space)

Reduced formulation
Notations

Solve %
a°(u) := Pluo(p)] "

Li(p, A) @] — Lg(u, At*)[a"] = 0. u(x,tin)
. . . N LILE7P
, are vectors in low dimensional space R". Wi
LAY
L,Lg P
Wi
@,

Solutions a(p) := (a’;(u)):
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Reduced siffillations (Projection on reduced basis
space)

Notations

Reconstruct the solution 7

N w
ug(p) == an(i)en € W u(x,tip)
n=1 Lyl f?

W,
in reduced basis space W)y or preferably: Evaluate an output functional {“ﬁ(#)H}ff

s(). TP
Wi
Wi {ak (),
Wy, Wo
uf (1),5(12)
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Ingredients during offline phase

1. Generation of reduced basis space Wy.
2. Projection of operators L;, Lg, P onto RB space resulting in reduced matrices Ly, Lg, P.
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Ingredients during offline phase

1. Generation of reduced basis space Wy.
2. Projection of operators L;, Lg, P onto RB space resulting in reduced matrices Ly, Lg, P.

Ingredients during online phase

(<D}
1. Efficient computation of reduced scheme independently of high dimensional bn
ingredients. 8 T
2. Assuring and measuring reliability of reduced output. (a posteriori error estimates) E a
0.5
c
~X =
bN
o=
s=
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Reduced basis generation

POD-greedy algorithm

> Initialization: Define an initial reduced basis Wy, and a finite training parameter set
Mtrain cP.
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Reduced basis generation

POD-greedy algorithm

> Initialization: Define an initial reduced basis Wy, and a finite training parameter set
Mtrain cP.
> lterative extension of basis:
> Find pimax := arg maxyem i, maxf_ ||uk (1) — uf()|| (with efficient a posteriori error
estimates).
> Add principal components of projection error of trajectory trajectory {u’;, — uZ }Zﬂ to
reduced basis.

» Stop: if error is small enough.
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Affinely decomposed operators

An operator is called affinely decomposed if it can be written as a sum of products of

» efficiently computable parameter dependent and
» parameter independent parts with affine dependence on the space variable.
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Affinely decomposed operators

An operator is called affinely decomposed if it can be written as a sum of products of

» efficiently computable parameter dependent and
» parameter independent parts with affine dependence on the space variable.

An operator Lg has the form

(6]
Qe bn
_ q q

Le=) o(u)L S5
g=1 —
N . =
with L9 linear. Then Lg can be efficiently assembled as o) %

c:
Qe ~ 2
lz = Zoq(,u,)Lq with  (L9),,, = / Lomlen forn,m=1,...,N. b;JD
9= = c=
e

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\ESTFALISCHE

WILHELMS-UNIVERSITAT

MUNSTER 9
Classification of evolution problems
Operator constraints
| L | Le
1 linear in space, affinely u-dependent
2 [ =1Id localized
3 | coercive, non-coercive, lin- | =Id
ear, non-linear
4 | linearin space localized or: linear in space, O
5 | localized, nonlinear affinely p-dependent bn
©
<
=
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Classification of evolution problems

Operator constraints

| L

| Le

1 linear in space, affinely u-dependent

2 | =Id

localized

3 | coercive, non-coercive, lin-

ear, non-linear

=1d

4 | linearin space

localized or: linear in space,

localized, nonlinear

v

» Case 1is discussed in [Haasdonk&Ohlberger, 2008].
» Case 2 is discussed in [Haasdonk et al., 2008] and [Drohmann et al.,2009]
» Case 3 is discussed in [Grepl, 2005], [Grepl et al., 2008] and [Knezevic et al., 2009]

v

Our focus: nonlinear and non-affinely decomposed implicit operators.

affinely p-dependent
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Empirical interpolation: Idea

General operator approximation

Approximate operator evaluations

M

LU = T [L) [ 10)] | = S it (1)) éim,

m=1

where ym(p) : Wy — R are efficiently computable functionals and &, collateral reduced
basis functions.
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Empirical interpolation: Idea

General operator approximation

Approximate operator evaluations

M

LU = T [L) [ 10)] | = S ym s (1)) éim-

Empirical interpolation[Barrault et al, 2004]

(6]

bn
A CRB . T
> collateral reduced basis W;;** spanned by operator evaluations @ 8
gm = L(um) [u’;,*" (,um)] ,m =1,...,Mforsuitably chosen parameters um € P and = '~£
time steps km g Han
> coefficient functionals ym(u; U) = L(p)[U](xm) are exact operator evaluations at ~X =
interpolation points (Xm)nn/::i. N,
==
e

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\ESTFALISCHE

WILHELMS-UNIVERSITAT
MOUNSTER 10

Empirical interpolation: Idea

General operator approximation

Approximate operator evaluations

M

LU = T [L) [ 10)] | = S ym s (1)) éim-

Empirical interpolation[Barrault et al, 2004]

(6]

on
> collateral reduced basis W8 spanned by operator evaluations 8 O
gm = L(um) [u’;,*" (,um)] ,m =1,...,Mforsuitably chosen parameters um € P and E E
time steps km g Han
> coefficient functionals ym(u; U) = L(p)[U](xm) are exact operator evaluations at ~X =
interpolation points (Xm)nn/::i. N,
> CRB functions &m, are nodal in interpolation points, such that &, (xn) = dnm. § §

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation: in pictures

y L(p)[upp)] L(p)[up )]
\

\ y
5.0 \\ Base functions:
\ — Lupp)]
IylL(p)lupp)] y
4.0
1.0 =&
0.5 f ﬁ
3.0
4 X
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2.0 v
1.0 = Q2
0.5
10 .A&_
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living.knowledge
WWU Minster

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\ESTFALISCHE

WILHELMS-UNIVERSITAT
MOUNSTER

Collateral reduced basis generation

CRB generation algorithm

» Initialization: Compute training set Ly := {L(,u)[uf,(,u)”k =0,...,K, 1t € Main }

> |terative extension of basism — 1 — m:
1. Forallv, € Lyain find best approximation v* := arg minW€WCRB [lw — vyl
m—1

2. Find worst approximated snapshot v := arg maxy, ety i, [Ilvo — v*||.
3. Compute residual of approximation rp,.

4. Define new interpolation point and basis function: x, := arg sup, |rm(x)|, gm := ,m’&'m)

» Stop: if error is small enough.
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Efficient online evaluations

The coefficient functionals y,» can be computed efficiently during online phase, if
» operator has localized structure (small stencil) and
> local geometry information is precomputed in offline phase (local grid)
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14
Example
Burgers problem
oru — VuP = o with periodic boundary conditions
"ees T
A AL e P
(i) initial data snapshot (T = o), (i) snapshot forp = 2 atT = 0.3, (iii) snapshot forp = 1.5atT = 0.3 3)
bn
Empirical interpolation of Lg: o
Interpolation points/DOFS for operator no.1 2 8
1r v ; m
o : :: =
06 | " C N
] i N
i c
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Derivative of empirical interpolation

M
T [DL(up)] [vh] = > Dym(un) [vh] ém

[F)

bn

T
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Derivative of empirical interpolation

M
T [DL(up)] [vh] = > Dym(un) [vh] ém
m=1

(6]

bn
g
—
> Dof mapping ® : R¥ — Wy, U := {U}, — S Unpr. % 2
» Discrete operator L : R — Wy given by L[U] := L o ®[U]. c 2
=
bN

o=
s=
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Derivative of empirical interpolation

M
M [DZ(U)] V= ZV}_/,,,(U) - Vém

m=1
H M
Z Z Oiym(U)Vim = Z Z Oiym(V)Vi€m,
=1 m=1 ier m=1 ()
on
where 7 C {1,...,H} is smallest subset such that above equation is true. T
L9
— =
S S
c
> Dof mapping ® : R¥ — Wy, U := {U}7, — S Unpr. X =
» Discrete operator L : R — Wy given by L[U] := L o ®[U]. g’g
==
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Derivative of empirical interpolation

M
Iy [DL(V)] [V] = > Vim(V) - Vén

m=1
H M M
=D > am(U)Vikn =D > 0Fm(U)Vikm,
j=1 m=1 ier m=1

where 7 C {1,...,H} is smallest subset such that above equation is true. Note:
card(7) € O(M) and V; can be computed efficiently if basis is nodal.

> Dof mapping ® : R¥ — Wy, U= {U}7, — S Unpr.
> Discrete operator L : R¥ — Wj given by L[U] := L o ®[U].
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Non-linear implicit operator

Newton method

Define the defect

k+1,v41 _  kdtv4+1 kb
Vh = Uh Uh

and solve

DL (U )V = —[uf Y] — Le[uf],

foreach k = o,...,K — 1and each Newton step v = o, ..., S(k) with
k1. k+1,0 _ kS(k)
ut =y =

living.knowledge
WWU Minster

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\ESTFALISCHE

WILHELMS-UNIVERSITAT
MOUNSTER

Non-linear implicit operator Il

Reduced basis scheme

GA(U/,;“"’)(ak“"’“ _ ak+‘1,u) _ RHS(ak“’“,ak),

with A(Uy) and G defined by

M
AU = 3 Oym(Un)on(x) and (G)m = /Q .

i=1

The assembling of A(Uy) costs O(MN - MN) and multiplication with G has costs of O(NMN).
In addition this is still independent of H.
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A posteriori error estimator

> Find estimator Ay y(z) that bounds error ||uf (1) — uk (1] <.

> It should be computed efficiently during online-phase. =- usage in POD-greedy
algorithm.

» Assume there is an M’ > o such that empirical interpolation is exact, i.e.

L(p)[uk] € Wi
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A posteriori error estimator (purely explicit scheme)

R< = Ait (k" = — AT [Le()1]])
Its norm can be efficiently computed by
AP R gy =
[ 0) — k)| — 2 (a2 (1) — at(1)) Cele()lat ()
AL ()2t ()]) Mg (1) ()]

with reduced matrices Cg and M.
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A posteriori error estimator (purely explicit scheme)

A//il,m(li) =
k / o~ o~ / /
5 At (V18 W 1l 052060 Oy () |
k! =1
+ IRk (u)np(m),

with suitable matrices Qy, and W, such as El-error estimates {6;,‘,;:,"(;;)}%':1 given by the
linear equation system

M/
> Ohim(1)amim = Leluy ] — TmlLelui 1]

m=1

20
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Convectlon diffusion equation with parametrized ge-
ometry

1 ——
As a test case we choose a general (maybe nonlinear) convection-diffusion-reaction
equation on parametrized geometries.

Oru(x, t; ) — V- (KVu(x, t; ) — b - Vu(x, t; ) — ru(x, t; u) = o in Q(p) X [0, Tmax].

21
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Convectlon diffusion equation with parametrized ge-
ometry

21

The reduced basis space must not depend on the parameter.

Therefore, we introduce a reference geometry ) and a diffeomorphic mapping
d(p) = Q — Q(p) for every parameter.

As a test case we choose a general (maybe nonlinear) convection-diffusion-reaction )

equation on parametrized geometries. on
T

Oru(x, t; ) — V- (KVu(x, t; ) — b - Vu(x, t; ) — ru(x, t; u) = o in Q(3¢) X [0, Tmax]. <L %
=
c Hun ]
~ =
jos )
<
s=
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Geometry transformation

Transformed heat equation

The special case of a transformed linear heat equation with a scalar diffusion factor k()
results in a PDE with (anisotropic) diffusion, convection and a reaction term:

Ot — k(i)Y - (GG'VE) + k(1)V - (vi) — k(u)(V -v)d =0 in € x [0, Tmax],

with notations

%= 071(x), 0%, t) = u(®(R), 1),

G(X) := DO o), v(X) :== G(X) (V3 - G(X)) .

[
[0

l ] ()

e}
e

22
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Finite volume scheme

Challenges

» The geometry transformation introduces a diffusion tensor.

» For non-affine geometry transformations the discrete operators do not depend affinely
on the parameter. =- Empirical interpolation of the purely explicit discretization
operator (case 2) or the implicit and explicit operators (case 4).

(<)
Numerical scheme for transformed heat equation %D .
e O
» Discretization with a semi-implicit finite volume scheme on a structured grid with = v
gradient reconstruction. [Drblikova&Mikula, 2007] (@] g
> Implicit discretization of diffusion term. &=
05

o
s=
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Results

Qalitinne far i — (A A\ attimactanc t — A A + — A7 f—ar

Qalitinne far i — (A 2 A 2\ attimactanct — A n + — A7 +—ar

24
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Results |
L?(Q)—error
107t M=1
M=220
5 M=s510
10
M=8o0
1073y 5 10 15 2o N

Figure: RB error convergence on 100 test samples

dimension | time [s]
H = 40000 24.3675
N=7,M=267 1.2224
N=7,M= 800 2.0501
N =14,M = 267 1.246
N = 14,M = 800 2.104
N =20,M = 267 1.2707
N = 20,M = 800 2.1127

Table: average time measurements on 100 test

samples

Number of base functions in Wy: 40000
Time gain factor for online phase: ~ 10

25
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RB generatlon with a pOSteI’IOI’I error estimates
10° 10'
true error
Mstrich=1
Mstrich=20
= Mstrich=50 | | 10°
E 107 % 107"
g . 5 .
% 107 E 10
E K
£ (6]
10 107 %D .
L9
1o 50 5 10 15 20 25 30 35 40 45 50 ‘DJO 5 10 15 20 25 30 35 40 45 50 ; w
N N C
(@) S
Figure: “true” error decrease for RB generated with Figure: error estimator decrease for RB generated § §
different estimators. with different estimators.
bn—,
==
e
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Results Il (purely explicit FV scheme)

A

Qalutinne far s — (A A\ attimactanct — Ann f — A or +— N n

! bn
o Q
<
od 24| 0.4) C
~

|
Qalutinne far s — (A » A ») attimactancf — nn f —n 2r f— A n 'S
=
=

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\ESTFALISCHE
WILHELMS-UNIVERSITAT
MOUNSTER

Results I

L*(Q)—error

Figure: RB error convergence on 100 test samples for growing basis size N at different CRB dimensions M.

Number of base functions in Wy: 8000
Number of detailed simulations in offline-phase: 16
Time gain factor for online phase: 5

28
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Software concept

Control structures

. ( Offline data |
o reduced basis space

*_model

o grid

o high dim operators
( Reconstruction )
I x
h
— Server
Network

\ — Client

comsol
others

(__Reduced simulation ) (__Visualization control )

high dim computa-
tion

communication of
low dim data

low dim computa-
tion

29
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Thanks!

30
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